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Abstract. Various classification theorems of thick subcategories of a triangulated cat- 

■ egory have been obtained in many areas of mathematics. In this paper, as a higher- 
dimensional version of the classification theorem of thick subcategories of the stable 
category of finitely generated representations of a finite p-group due to Benson, Carl- 
son and Rickard, we consider classifying thick subcategories of the stable category of 
Cohen-Macaulay modules over a Gorenstein local ring. The main result of this paper 

CsJ | yields a complete classification of the thick subcategories of the stable category of Cohen- 

Macaulay modules over a local hypersurface in terms of specialization-closed subsets of 
the prime ideal spectrum of the ring which are contained in its singular locus. 

< 

Introduction 

One of the principal approaches to the understanding of the structure of a given category- 
is classifying its subcategories having a specific property. It has been studied in many areas 

■ of mathematics which include stable homotopy theory, ring theory, algebraic geometry 
and modular representation theory. A landmark result in this context was obtained in the 
definitive work due to Gabriel [21] in the early 1960s. He proved a classification theorem 
of the localizing subcategories of the category of modules over a commutative noetherian 
ring by making a one-to-one correspondence between the set of those subcategories and 
the set of specialization-closed subsets of the prime ideal spectrum of the ring. A lot of 
analogous classification results of subcategories of modules have been obtained by many 
authors; see [351 EE El ESS [261 127] for instance. 

^ ■ For a triangulated category, a high emphasis has been placed on classifying its thick 

subcategories, namely, full triangulated subcategories which are closed under taking di- 
rect summands. The first classification theorem was obtained in the deep work on stable 
homotopy theory due to Devinatz, Hopkins and Smith [191 El] • They classified the thick 
subcategories of the category of compact objects in the p-local stable homotopy cate- 
gory. Hopkins |33J and Neeman [47J provided a corresponding classification result of 
the thick subcategories of the derived category of perfect complexes (i.e., bounded com- 
plexes of finitely generated projective modules) over a commutative noetherian ring by 
making a one-to-one correspondence between the set of those subcategories and the set 
of specialization-closed subsets of the prime ideal spectrum of the ring. Thomason [51] 
generalized the theorem of Hopkins and Neeman to quasi-compact and quasi-separated 
schemes, in particular, to arbitrary commutative rings and algebraic varieties. Recently, 
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Avramov, Buchweitz, Christensen, Iyengar and Piepmeyer [6] gave a classification of the 
thick subcategories of the derived category of perfect differential modules over a commu- 
tative noetherian ring. On the other hand, Benson, Carlson and Packard [10] classified 
the thick subcategories of the stable category of finitely generated representations of a 
finite p-group in terms of closed homogeneous subvarieties of the maximal ideal spectrum 
of the group cohomology ring. Friedlander and Pevtsova [23J extended this classification 
theorem to finite group schemes. A recent work of Benson, Iyengar and Krause [12] gives 
a new proof of the theorem of Benson, Carlson and Rickard. A lot of other related re- 
sults concerning thick subcategories of a triangulated category have been obtained. For 
example, see [3 El El SSI US! HH [38l UHl [201 E3] . 

Here we mention that in most of the classification theorems of subcategories stated 
above, the subcategories are classified in terms of certain sets of prime ideals. Each of 
them establishes an assignment corresponding each subcategory to a set of prime ideals, 
which is (or should be) called the support of the subcategory. 

In the present paper, as a higher- dimensional version of the work of Benson, Carlson 
and Rickard, we consider classifying thick subcategories of the stable category of Cohen- 
Macaulay modules over a Gorenstein local ring, through defining a suitable support for 
those subcategories. Over a hypersurface we shall give a complete classification of them 
in terms of specialization-closed subsets of the prime ideal spectrum of the base ring 
contained in its singular locus. To state in the following our results precisely, we introduce 
some notation. Let R be a (commutative) Cohen-Macaulay local ring. We denote by 
modi? the category of finitely generated i?-modules, by CM(R) the full subcategory of 
mod R consisting of all (maximal) Cohen-Macaulay i?-modules, and by CM(i?) the stable 
category of CM(R). It is a well-known result due to Buchweitz [16] that CM(i?) is a 
triangulated category if R is Gorenstein. Let Spec R denote the prime ideal spectrum of 
R, that is, the set of prime ideals of R, and let Sing R denote the singular locus of R, that 
is, the set of prime ideals p of R such that the local ring R p is singular. We denote the 
n th syzygy of an i?-module M by Q n M. The main result of this paper is the following 
theorem, which is part of Theorem 16.81 

Main Theorem. (1) Let R be an abstract hypersurface local ring (i.e., the completion of 
R is isomorphic to S/ (f) for some complete regular local ring S and some element f 
of S). Then one has the following one-to-one correspondences: 

{thick subcategories of CM (R)} 



Supp 



Supp" 1 



{specialization-closed subsets of Speci? contained in Singi?} 
{resolving subcategories of modi? contained in CM(i?)}. 



(2) Let R be a d-dimensional Gorenstein singular local ring with residue field k which is 
locally an abstract hypersurface on the punctured spectrum. Then one has the following 
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one-to-one correspondences: 



{thick subcategories of CM (R) containing fl d 



Supp 



Supp 



-i 



{nonempty specialization-closed subsets of Speci? contained in Singi?} 




v 



{resolving subcategories of modi? contained in CM(R) containing Q d k}. 

In this theorem, a resolving subcategory means a full subcategory containing the free 
modules which is closed under taking direct summands, extensions and syzygies. The 
notion of a resolving subcategory was introduced by Auslander and Bridger pQ in the late 
1960s, and a lot of important resolving subcategories of modules are known; see Example 
11.61 The symbol Supp, which we call the stable support, is a support for the stable category 
of Cohen-Macaulay modules. It is defined quite similarly to the ordinary support for 
modules; the stable support of an object M of CM(i?) is the set of prime ideals p of R 
such that the localization M p is not isomorphic to in CM(i? p ), and the stable support of 
a subcategory of CM(i?) is the union of the stable supports of all (nonisomorphic) objects 
in it. The symbol V denotes the nonfree locus; the nonfree locus of an object M of modi? 
is the set of prime ideals p such that M p is nonfree as an i? p -module, and the nonfree 
locus of a subcategory of modi? is the union of the nonfree loci of all objects in it. The 
inverse maps are defined as follows: for a subset $ of Speci?, Supp _1 ($) (respectively, 
Vcm(^)) is the full subcategory of CM(i?) (respectively, CM(i?)) consisting of all objects 
whose stable supports (respectively, nonfree loci) are contained in <3>. 

The above theorem especially enables us to reconstruct each thick subcategory of 
CM(i?) (respectively, resolving subcategory contained in CM(i?)) from its support (re- 
spectively, nonfree locus). We will actually prove more general statements than the above 
theorem; see Theorems 14.101 15.131 16.51 and 16.81 

Very recently, after the work in this paper was completed, Iyengar announced in his 
lecture [39] that thick subcategories of the bounded derived category of finitely generated 
modules over a locally complete intersection which is essentially of finite type over a field 
are classified in terms of certain subsets of the prime ideal spectrum of the Hochschild co- 
homology ring. This provides a classification of thick subcategories of the stable category 
of Cohen-Macaulay modules over such a ring, which is a different classification from ours. 



In the rest of this paper, we assume that all rings are commutative and noetherian, 
and that all modules are finitely generated. Unless otherwise specified, let R be a local 
ring of Krull dimension d. The unique maximal ideal of R and the residue field of R are 
denoted by m and k, respectively. By a subcategory, we always mean a full subcategory 
which is closed under isomorphism. (A full subcategory X of a category C is said to be 
closed under isomorphism provided that for two objects M, N of C if M belongs to X and 
N is isomorphic to M in C, then N also belongs to X.) Note that a subcategory in our 
sense is uniquely determined by the isomorphism classes of the objects in it. 
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1. Preliminaries 

In this section, we give several basic notions and results which will be used later. We 
begin with recalling the definitions of the syzygies and the transpose of a module. 

Definition 1.1. Let n be a nonnegative integer, and let M be an i?-module. Let 

• • • -4 F n A F n _! ->■ \ F x -4 F ->■ M ->■ 

be a minimal free resolution of M. 

(1) The n th syzygy of M is defined as the image of the map d n , and we denote it by 
Q n M (or Q R M when there is some fear of confusion). We simply write QM instead 
of fl 1 M. Note that the n th syzygy of a given R- module is uniquely determined up to 
isomorphism because so is a minimal free resolution. 

(2) The (Auslander) transpose of M is defined as the cokernel of the map Hohir(<9i, i?) : 
Eom R (F ,R) ->■ Hom fl (Fi,i2), and we denote it by TrM (or Tr R M) . Note that the 
transpose of a given i?-module is uniquely determined up to isomorphism because so 
is a minimal free resolution. 

Next, we make a list of several closed properties of a subcategory. 

Definition 1.2. (1) Let C be an additive category and X a subcategory of C. 

(i) We say that X is closed under (finite) direct sums provided that if Mi, . . . , M n 
are objects of X, then the direct sum Mi © • • • © M n in C belongs to X. 

(ii) We say that X is closed under direct summands provided that if M is an object 
of X and N is a direct summand of M in C, then N belongs to X . 

(2) Let C be a triangulated category and X a subcategory of C. We say that X is closed 
under triangles provided that for each exact triangle L — > M — > N — > EL in C, if two 
of L, M, N belong to X, then so does the third. 

(3) We denote by modi? the category of (finitely generated) i?-modules. Let X be a 
subcategory of modi?. 

(i) We say that X is closed under extensions provided that for each exact sequence 
0->-L->-M->-7V— >-0in modi?, if L and N belong to X, then so does M. 

(ii) We say that X is closed under kernels of epimorphisms provided that for each 
exact sequence 0— > L — > M — > N — > in modi?, if M and iV belong to X, then 
so does L. 

(iii) We say that X is closed under syzygies provided that if M is an R- module in X, 
then O'M is also in X for alH > 0. 

Let us make several definitions of subcategories. 

Definition 1.3. (1) Let C be a category. 

(i) We call the subcategory of C which has no object the empty subcategory of C. 

(ii) Suppose that C admits the zero object 0. We call the subcategory of C consisting 
of all objects that are isomorphic to the zero subcategory of C. 

(2) A nonempty subcategory of a triangulated category is called thick if it is closed under 
direct summands and triangles. 

(3) Let X be a subcategory of modi?. 
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(i) We say that X is additively closed if X is closed under direct sums and direct 
summands. 

(ii) We say that X is extension- closed if X is closed under direct summands and 
extensions. 

(hi) We say that X is resolving if X contains R, and if X is closed under direct 
summands, extensions and kernels of epimorphisms. 

Remark 1.4. (1) A resolving subcategory is a subcategory such that any two "minimal" 
resolutions of a module by modules in it have the same length; see [TJ Lemma (3.12)]. 

(2) Let X be a subcategory of modi?. Then the following implications hold: 

X is resolving =>- X is extension-closed =>- A" is additively closed. 

(3) Every resolving subcategory of modi? contains all free i?-modules. 

In the definition of a resolving subcategory, closedness under kernels of epimorphisms 
can be replaced with closedness under syzygies. 

Proposition 1.5. [oTj Lemma 3.2] A subcategory X of mod R is resolving if and only if 
X contains R and is closed under direct summands, extensions and syzygies. 

A lot of important subcategories of modi? are known to be resolving. To present 
examples of a resolving subcategory, let us recall here several definitions of modules. Let 
M be an i?-module. We say that M is bounded if there exists an integer s such that 
f3f"{M) < s for all i > 0, where /3f-(M) denotes the i th Betti number of M. We say that 
M has complexity c if c is the least nonnegative integer n such that there exists a real 
number r satisfying the inequality (3^(M) < ri n ~ x for i ^> 0. We call M semidualizing if 
the natural homomorphism i? — > Hom^(M, M) is an isomorphism and Ext^.(M, M) = 
for all i > 0. For a semidualizing i?-module C, an R- module M is called totally C- 
reflexive if the natural homomorphism M — > HomR(Hom/j(M, C), C) is an isomorphism 
and Ex4(M,C) = = Ext^Hom^M, C), C) for all % > 0. A totally i?-reflexive R- 
module is simply called a totally reflexive i?-module. We say that M has lower complete 
intersection dimension zero if M is totally reflexive and has finite complexity. When 
i? is a Cohen- Macaulay local ring, we say that M is Cohen- Macaulay if depth M = d. 
Such a module is usually called maximal Cohen-Macaulay, but in this paper, we call it 
just Cohen-Macaulay. We denote by CM(i?) the subcategory of modi? consisting of all 
Cohen-Macaulay i?-modules. 

Example 1.6. Let n be a nonnegative integer, K an i?-module, and I an ideal of R. The 
following i?-modules form resolving subcategories of mod R. 

(1) The R- modules. 

(2) The free i?-modules. 

(3) The Cohen-Macaulay i?-modules, provided that i? is Cohen-Macaulay. 

(4) The totally C-reflexive i?-modules, where C is a fixed semidualizing i?-module. 

(5) The i?-modules M with Torf (M, K) = for i > n (respectively, i ^> 0). 

(6) The i?-modules M with Ext^(M, K) = for i > n (respectively, i > 0). 

(7) The i?-modules M with Ext^K, M) = for i > 0, provided that Ext^K, i?) = 
for j > 0. 
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(8) The i?-modules M with Ext^K, M) = for i < grade K(:= grade (Ann K, i?)). 

(9) The i?-modules M with grade(i, M) > grade(i, R). 

(10) The bounded R- modules. 

(11) The R- modules having finite complexity. 

(12) The -R-modules of lower complete intersection dimension zero. 

Each of the resolving properties of these subcategories can be verified either straightfor- 
wardly or by referring to J52J Example 2.4]. 

Let C be a category, and let P be a property of subcategories of C. Let * be a 
subcategory of C. A subcategory y of C satisfying P is said to be generated by X if y is 
the smallest subcategory of C satisfying P that contains X. 

Now we state the definitions of the closures corresponding to an additively closed sub- 
category, an extension-closed subcategory and a resolving subcategory of mod R. 

Definition 1.7. Let X be a subcategory of modi?. 

(1) We denote by add A* (or add# X when there is some fear of confusion) the additively 
closed subcategory of modi? generated by X, and call it the additive closure of X. If 
X consists of a single module A, then we simply write add A (or &dd R A) instead of 
add*. 

(2) We denote by ext X (or ext# X) the extension-closed subcategory of modi? generated 
by X, and call it the extension closure of X. If X consists of a single module A, then 
we simply write ext A (or ext^A) instead of ext*. 

(3) We denote by res* (or res«*) the resolving subcategory of modi? generated by *, 
and call it the resolving closure of *. If * consists of a single module A, then we 
simply write res A (or res^ A) instead of res*. 

We easily observe that add * coincides with the subcategory of mod i? consisting of all 
direct summands of direct sums of modules in *. The additive and extension closures of 
a given subcategory of modi? can be constructed inductively. 

Definition 1.8. Let * be a subcategory of modi? and n a nonnegative integer. 

(1) We inductively define the subcategory ext n * (or ext^, * when there is some fear of 
confusion) of mod i? as follows. 

(i) Set ext * = add*. 

(ii) For n > 1, let ext n * be the additive closure of the subcategory of modi? 
consisting of all i?-modules Y having an exact sequence of the form 

O^A^Y^B^O, 

where A, B e ext™ -1 *. 
If * consists of a single module A, then we simply write ext™ A (or ext*^ A) instead 
of ext n *. 

(2) We inductively define a subcategory res n * (or res^ *) of mod i? as follows. 

(i) Let res * be the additive closure of the subcategory of mod i? consisting of all 
modules in * and R. 
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(ii) For n > 1, let res n X be the additive closure of the subcategory of modi? con- 
sisting of all .R-modules Y having an exact sequence of either of the following 
two forms: 

O^A^Y^B^O, 
O^Y^A^B^O, 

where A,Be res n_1 X. 
If X consists of a single module A, then we simply write res™ A (or res™jA) instead 
of res n X. 

Remark 1.9. Let X,y be subcategories of modi?, and let n be a nonnegative integer. 

(1) (i) There is an ascending chain ext° X C ext 1 X C • • • C ext™ X C - • • C ext X of 

subcategories of modi?, 
(ii) The equality ext X = |J n >o ex ^ n ^ holds. 

(2) (i) There is an ascending chain res X C res 1 X C • • • C res™ X C • • • C res X of 

subcategories of modi?, 
(ii) The equality res X = [J n>0 res" X holds. 

The associated primes of modules in the additive and extension closures of a module 
are restricted. 

Proposition 1.10. Let X and M be R-modules. 

(1) If M is in ext A ; then one has AssM C Ass A. 

(2) If M is in resX, then one has AssM C Ass A U Assi?. 

Proof. If M is in ext A (respectively, res A), then M is in ext™ A (respectively, res' 1 A) 
for some n > 0. One easily deduces the conclusion by induction on n. □ 

For a subcategory X of mod i? and a prime ideal p of i?, we denote by X v the subcategory 
of mod i? p consisting of A p where A runs through all modules in X. The proposition below 
gives the relationship between each closure and localization. 

Proposition 1.11. Let X be a subcategory of mod R, and let p be a prime ideal of R. 
Then the following hold. 

(1) (add/j X) v is contained in add/j p X p . 

(2) (extfi X) p is contained in ext# p X p . 

(3) (res;? X) p is contained in resn p X p . 

Proof. The first statement is obvious. The third statement is proved in [52, Proposition 
3.5], and an analogous argument shows the second statement. □ 

There are lower bounds for the depths of modules in the extension and resolving closures 
of a module. 

Proposition 1.12. Let X and M be R-modules. 

(1) If M is in ext X, then depth M > depth A. 

(2) If M is in res A, then depth M > inf {depth A, depth i?}. 
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This is proved by induction similarly to Proposition 11.101 

Next we recall the definitions of the nonfree loci of an i?-module and a subcategory of 
mod R. 

Definition 1.13. (1) We denote by V(X) (or Vr(X) when there is some fear of confusion) 
the nonfree locus of an R- module X, namely, the set of prime ideals p of R such that 
X p is nonfree as an i? p -module. 

(2) We denote by V(X) (or Vr(X)) the nonfree locus of a subcategory X of modi?, 
namely, the union of V(X) where X runs through all nonisomorphic i?-modules in X. 

We denote by Singi? the singular locus of R, namely, the set of prime ideals p of R 
such that R p is not a regular local ring. We denote by S(R) the set of prime ideals p of 
R such that the local ring R v is not a field. Clearly, S(R) contains Sing R. 

For each ideal i of R, we denote by V(i) the set of prime ideals of R containing i. 
Recall that a subset Z of Spec R is called specialization-closed provided that if p G Z and 
q G V(p) then q G Z. Note that every closed subset of Spec R is specialization-closed. 

The proposition below gives some basic properties of nonfree loci. The proofs of the 
assertions are stated in [52"| Example 2.9], [521 Proposition 2.10 and Corollary 2.11] and 
[52| Corollary 3.6], respectively. 

Proposition 1.14. (1) Let R be a Cohen-Macaulay local ring. Then the nonfree locus 
V(CM(i?)) coincides with the singular locus Singi?. 

(2) One has V(X) = Supp Ext\X, SIX) for every R-module X . In particular, the nonfree 
locus of an R-module is closed in Spec R in the Zariski topology. The nonfree locus 
of a subcategory of mod R is not necessarily closed but at least specialization- closed in 
SpecR, and is contained in S(R). 

(3) One has V(X) = V(add X) = V(extX) = V(res X) for every subcategory X of mod R. 

For a subset $ of Speci?, we denote by V _1 ( < 1 ) ) the subcategory of modi? consisting 
of all R- modules M such that V(M) is contained in $. Here we make a list of several 
statements concerning nonfree loci. 

Proposition 1.15. (1) Let N be a direct summand of an R-module M . Then one has 
V{N) C V(M). 

(2) Let 0— > L — » M — > N — > be an exact sequence of R-modules. Then one has 
V{L) C V(M) U V{N) and V(M) C V(L) U V{N). 

(3) For a subset $ of Spec R, the subcategory V _1 ($) of mod R is resolving. 

(4) For an ideal I of R, one has V R (R/I) = V(i + (0 : J)). 

(5) One has V R (R/p) = V(p) for every p e S(R). 

(6) Let $ be a specialization- closed subset of Spec R contained in S(R). Then one has 
R/p G V _1 ($) for every p 6 $. 

Proof. (1),(2) These are straightforward. 

(3) As V(R) = C $, we have R G V _1 ($). The assertion follows from (1) and (2). 

(4) Fix a prime ideal p of R. The i? p -module R P /IR P is nonfree if and only if IR p ^ R v 
and ii? p ^ 0, if and only if i C p and (0 : I) C p. Hence V R {R/I) = V(i + (0 : i)) holds. 
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(5) Since the local ring .R p is not a field, its maximal ideal pR p is nonzero. Hence we 
see that (0 : p) is contained in p. Then apply (4). 

(6) This is a direct consequence of (5). □ 

We introduce the notion of a thick subcategory of the category of Cohen-Macaulay 
modules over a Cohen-Macaulay local ring. 

Definition 1.16. Let R be a Cohen-Macaulay local ring. Let X be a subcategory of 
CM(i2) which is closed under direct summands. We say that X is thick provided that for 
each short exact sequence 0— > L — > M — > N — > of Cohen-Macaulay -R-modules (we will 
often call such an exact sequence an exact sequence in CM(R)), if two of L, M, N belong 
to X, then so does the third. 

In the sense of Krause and Briining jHJ [13], a thick subcategory of the category of 
all (not necessarily finitely generated) modules means a full subcategory which is closed 
under taking submodules, quotient modules, extensions and arbitrary direct sums. Of 
course, this is a different notion from ours. On the other hand, a thick subcategory of the 
category of modules (over a group algebra) in the sense of Benson, Iyengar and Krause 
[12] is similar to ours. 

In our sense, a thick subcategory has two different meanings. One of them is a sub- 
category of a triangulated category, and thick subcategories of the stable category of the 
category of Cohen-Macaulay modules over a Gorenstein local ring are main objects of this 
paper. The other is what we defined just above, and thick subcategories of the category 
of Cohen-Macaulay modules over a Cohen-Macaulay local ring are also our main objects. 
In fact, our two kinds of thick subcategory are essentially the same notion; we will observe 
it in Section [6j 

We make below a list of several examples of a thick subcategories of Cohen-Macaulay 
modules. 

Example 1.17. Let n be a nonnegative integer, and let K be an .R-module. The following 
modules form thick subcategories of CM(R). 

(1) The Cohen-Macaulay -R-modules. 

(2) The free -R-modules. 

(3) The totally C-reflexive -R-modules, where C is a fixed semidualizing .R-module. 

(4) The Cohen-Macaulay .R-modules M with Torf (M, K) = for i > 0. 

(5) The Cohen-Macaulay .R-modules M with Ext^(M, K) = for % > 0. 

(6) The Cohen-Macaulay .R-modules M with Ext^jiT, M) = for i > 0. 

(7) The bounded Cohen-Macaulay -R-modules. 

(8) The Cohen-Macaulay -R-modules having finite complexity. 

(9) The Cohen-Macaulay -R-modules of lower complete intersection dimension zero. 

Each of the thick properties of these subcategories can be verified by using Example 11.61 

Now we recall the definition of the stable category of Cohen-Macaulay modules over a 
Cohen-Macaulay local ring. 
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Definition 1.18. (1) Let M, N be iZ-modules. We denote by T R (M,N) the set of 
i2-homomorphisms M — >■ A" factoring through free -R-modules. It is easy to ob- 
serve that F R {M,N) is an iZ-submodule of Hom J? (M, N). We set Hom R (M, N) = 
Rom R (M,N)/F R (M,N). 

(2) Let R be a Cohen-Macaulay local ring. The stable category of CM(R), which is 
denoted by CM(.R), is defined as follows. 

(i) OUCM(R)) = Ob(CM(i?)). 

(ii) HomcM (fi) (M,N) = Hom R (M, N) for M, N e Ob(CM(iZ)). 

Remark 1.19. Let R be a Cohen-Macaulay local ring. Then CM (R) is always an additive 
category. The direct sum of objects M and N in CM(R) is the direct sum M © iV of M 
and TV as .R-modules. 

From now on, we consider the case where R is Gorenstein. Then CM(R) is a Frobenius 
category, and CM (R) is a triangulated category. We recall in the following how to define 
an exact triangle in CM (it!) . For the details, we refer to [29, Section 2 in Chapter I] or 
[To] Theorem 4.4.1]. 

Let M be an object of CM (it!). Then, since M is a Cohen-Macaulay i?-module, there 
exists an exact sequence 0— > M — > F — > N — 7-Oof Cohen-Macaulay .R-modules with F 
free. Defining EM = N, we have an automorphism E : CM (R) — > CM (R) of categories. 
This is the suspension functor. 

Let 

► L > F > SL > 







M 



-)• N 



-> 



be a commutative diagram of Cohen-Macaulay -R-modules with exact rows such that F 
is free. Then a sequence 

H Am' ^N' ^ EL' 

of morphisms in CM (R) such that there exists a commutative diagram 



^ M 



> M' 



-> AT 



-> AT' 



^ EL' 



in CM(i?) such that a, (3, 7 are isomorphisms is defined to be an exact triangle in CM(i?). 



2. Extension-closed subcategories of modules 

In this section, we study the extension closures of syzygies of the residue field over a 
Cohen-Macaulay local ring. We begin with the following lemma, which follows from the 
proof of |3U Lemma 2.2]. 

Lemma 2.1. Let M be an R-module, and let x be an M-regular element in 
Ann Ext^(M, flM) . Then there is an isomorphism Q R (M/xM) = VLM@M of R-modules. 
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The following proposition is a generalization of [48, Theorem 2.2]. This proposition 
yields a sufficient condition for a regular sequence x = x%, . . . , x n on an -R-module M to 
be such that M is a direct summand of Q n (M/xM). Thanks to this proposition, we will 
be able to prove the main result of this section. 

Proposition 2.2. Let M be an R-module. Let x = x±, . . . ,x n be an R- and M-sequence 
in Hi<i j< n AnnExt l (M, QPM). Then one has an R-isomorphism 

n 

tt n R (M/xM) 0(ffM)®(»). 

Proof. We prove the proposition by induction on n. The assertion is trivial when n — 0. 
Let n > 1, and set y = Xi, . . . ,% n -i. The induction hypothesis implies that N : = 



Q n ~ l (M/yM) is isomorphic to 0^T o 1 (f2 i M) 



We have 



n-l 



n— 1 



AnnExt^A^,^) = AnnExt 1 (0ffM,0^' +1 M) = p| Ann Ext* (M, Q j M) , 

i=0 i=0 l<i,j'<ri 

which contains the element x n . When n = 1, we have N = M and x n = xi, hence x n is 
iV-regular. When n > 2, we have that iV is a sub module of a free R- module, hence x n is 
iV-regular since it is .R-regular. Therefore in any case x n is an iV-regular element. Using 
Lemma [2. 1[ we obtain isomorphisms 



n-l 



n-l 



n(N/x n N) ^VIN®N = (0(ff +1 M)®r* )) © (0(ffM)®r 

i=0 i=0 
n—l n 

fl"M © (0(ff M) e( (" r i) + ('" 1 ) ) ) © M = 0(^M) 



i=l i=0 

Thus it is enough to prove that Q n (M/xM) is isomorphic to Q(N/x n N). There is a 
commutative diagram 





► N 



> N 



-> ► ^0 



-> M/yM v 



->• F 



n-2 



->• >• Fn 



-> M/j/M ► 



> N/x n N y F n _ 2 /rr n F n _ 2 -> >F /x n F y M/xM y 





of -R-modules with exact rows and columns, where each F{ is free. Applying Q to the 
third row, we get an exact sequence 

->■ tt(N/x n N) -> F n _ 2 © G n _ 2 -» y F © G -> Vt(M/xM) ->■ 
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of -R-modules, where each Gi is free. We obtain isomorphisms Q(N/x n N) = 
fr _1 (f2(M/a;M)) © H = tt n (M/xM) © H for some free .R-module H. Since there are 
exact sequences 

Torf (N, k) -> Torf {N/x n N, k) N ® R k ^ and 
Torf (M/yM, k) -»■ Torf (M/xM, k) -»■ Tbr^M/i/M, fc) 0, 
we have the following equalities of Betti numbers: 

P*{N/x n N) = P* (N) + /3*(N) = ff(M/yM) + ^(M/yM) = ff(M/xM)- 

It follows that Q(N/x n N) and £l n (M/xM) have the same minimal number of generators, 
which implies H = 0. Consequently, Q(N/x n N) is isomorphic to tt n (M/xM), which we 
have wanted to prove. □ 

The lemma below is easily shown by induction on the length of the module M. 

Lemma 2.3. Let M be an R-module of finite length. Then Q n M belongs to ext(Q n k) for 
every n > 0. 

Now, we can prove the following theorem concerning the structure of modules which 
are free on the punctured spectrum. It is the main result of this section, which will play 
an essential role in the proofs of the other main results of this paper. 

Theorem 2.4. Let R be a Cohen- Macaulay local ring. Let M be an R-module of depth t. 
Suppose that M is free on the punctured spectrum of R. Then M belongs to ext((J^ =t fl l k) . 

Proof. We begin with stating and proving the following claim. 

Claim 1. There exists an R- and M-sequence x = x±, . . . ,Xt such that M is isomorphic 
to a direct summand of Q^M/xM) . 

Proof of Claim. There is nothing to prove when t — 0, so let t > 1. 

First, we consider the case where M is a free .R-module. In this case, we have t = d. 
Take an i?-sequence x = x±, . . . , x&. Then x is also an M-sequence. The Koszul complex 
of x with respect to M yields an exact sequence 

-»■ M®(£> M®(^-i) ► M®(i) -> M®(°) -»■ M/xM -> 

of -R-modules. Note that this gives a minimal free resolution of the -R-module M/xM. 
We see from this exact sequence that M = M®( d ) is isomorphic to Vt d R (M /xM). 

Next, let us consider the case where M is not a free -R-module. Put 
/ = Di<i j<t AnnExt*(M, Q^M). Since M is free on the punctured spectrum, 
Ann Ext* (M, Vl? M) is either a unit ideal or an m-primary ideal of .R for 1 < i,j ' < t. 
The ideal I is contained in Ann Ext 1 (M, f2M), which is not a unit ideal by Proposition 
11.14( 2). Hence I is an m-primary ideal of R. Since depth R — d > t — depth M, we 
can choose an R- and M-sequence x = x\,...,x t in I. Proposition 12.21 implies that 
M is isomorphic to a direct summand of Q t (M/xM). Thus, the proof of the claim is 
completed. □ 
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Let us prove the theorem by induction on d — t. When d — t = 0, the sequence x is 
a system of parameters of R, hence the -R-module M/xM has finite length. By Lemma 
UM ^(M/xM) belongs to esd{Q*k) = ext(0 l d =t Qtk), and so does M. Let d - t > 0. 
There is an exact sequence — > L — > M/xM — > N — > of .R-modules such that L 
has finite length and that N has positive depth. From this we get an exact sequence 
-> n l L -> n\M/xM) © F -> n l N ->■ with F free. Lemma O says that fi'L is 
in ext(0*A;), and hence it is in ext(@^ =i fl l k). We have only to show that fl t N is in 
6xt(® i=t fi l /c). Here we claim the following. 

Claim 2. TTie R-module Q t N is free on the punctured spectrum of R. 

Proof of Claim. Fix a nonmaximal prime ideal p of R. As L p = 0, the module iVp is 
isomorphic to Mp/xM p . If the sequence x is not in p or if p is not in SuppM, then 
Np = 0, and (f^iV) p is isomorphic to 0,^ Np = up to free summand. Hence (f2^iV)p 
is i?p-free. If x is in p and p is in Supp M, then x forms an M p -sequence. The R p - 
module (Q^N)^ is isomorphic to i}* R Np up to free summand, and we have isomorphisms 
n f R Np = Q Rf (M p /xMp) = Mp similarly to the argument at the beginning of the proof of 
the theorem. Since M p is i? p -free, so is Q R N v , and so is (Q R N) P . □ 

We have s := depth Q l N = minjdepth N + t, d} > t, hence d—s < d — t. By Claim[2]we 
can apply the induction hypothesis to Q l N, and see that Q l N belongs to ext(® i=s Q*k), 
which is contained in ext(^^ =4 Vt l k). This completes the proof of the theorem. □ 

Remark 2.5. In Theorem 12 A\ the module M does not necessarily belong to ext(0*A;). 
In fact, let R be a Cohen-Macaulay local ring of positive dimension. Take an extension 
— > k — > M — > m — > of m by k. Then the middle term M is an i?-module of depth 
which is free on the punctured spectrum of R. Note that the category ext(Q°k) = ext(k) 
consists of all i?-modules of finite length. Since M does not have finite length, M does 
not belong to ext(fl°k). 

The result below is a direct consequence of Theorem 12.41 

Corollary 2.6. Let R be a Cohen-Macaulay local ring. Let M be a Cohen-Macaulay 
R-module which is free on the punctured spectrum of R. Then M belongs to ext(Q d k). 

Recall that R is said to have an isolated singularity if R p is a regular local ring for 
every nonmaximal prime ideal p of R. The following result is immediately obtained from 
Corollary 12.61 

Corollary 2.7. Let R be a Cohen-Macaulay local ring having an isolated singularity. 
Then one has CM(R) = ext(n d k). 

Remark 2.8. The conclusion of Corollary 12 . 71 does not mean that every Cohen-Macaulay 
-R-module can be obtained by taking extensions finitely many times from the indecom- 
posable summands of Q d k. So, the conclusion of the corollary does not mean that the 
Grothendieck group of CM(R) is finitely generated. 

Using Corollary 12.71 we can get the following structure result of the stable category of 
Cohen-Macaulay modules. 
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Corollary 2.9. Let R be a Gorenstein local ring with an isolated singularity. Then the 
thick subcategory of the triangulated category CM (R) generated by Vt d k coincides with 
CM(R). 

Proof. Let y be the thick subcategory of CM(R) generated by Q d k. Fix a Cohen-Macaulay 
R- module M. We want to prove that M belongs to y. Since M is in ext(fl d k) by Corollary 
\2.7\ M is in ext n (Q d k) for some n > 0. Let us show that M belongs to y by induction on 
n. When n = 0, the module M is in &dd(Q d k), and clearly M belongs to y. Let n > 1. 
There are exact sequences 

->■ Li A Mi 4 Ni ->■ (1 < i < s) 

of .R-modules with L^JVi G ext n - 1 (fi d A;) such that M is a direct summand of the direct 
sum Mi © ■ ■ • © M s . Note that Li,Ni are Cohen-Macaulay i?- modules. The induction 
hypothesis implies that Li, Ni belong to y. For each 1 < i < s, there is an exact sequence 
— > Li — > Fi — > SLj in CM(R) such that Fi is free. We make the following pushout 
diagram. 



> Li > Fi > ULi > 

fi 

> Mi > NI ► SLi y 

9i 

N, Ni 

4* 



Since R is Gorenstein and iVj is Cohen-Macaulay over R, the middle column splits. Hence 
we get an exact triangle Lj A Mj -4 A^j — >■ SL^ in CM(i2). The thickness of y shows 
that Mi belongs to 3^ for each 1 < i < s, which implies that M also belongs to y. □ 

Remark 2.10. (1) Corollary 12.91 can also be proved by using [HJ Theorem VI. 8]. 

(2) In Corollary 12. 9[ the assumption that R has an isolated singularity is indispensable. 
We will actually observe in Remark 16.111 that the assertion of Corollary 12.91 does not 
necessarily hold without that assumption. 

(3) A generalization of Corollary 12.91 will be obtained in Theorem 16.8( 2). 

3. Cohen-Macaulay modules and completion 

In this section, we compare Cohen-Macaulay i?-modules and Cohen-Macaulay it- 
modules, where R denotes the m-adic completion of R. We do this by using the structure 
result of modules that are free on the punctured spectrum, which was obtained in the 
previous section. We start by investigating the relationship between extension closures 
and completion. 
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Proposition 3.1. Let n be a nonnegative integer, and let X be an R-module which is 
free on the punctured spectrum of R. Then for any R-module N in ext~X there exists an 

R-module M in ext^X such that N is isomorphic to a direct summand of M . 

Proof. We prove the proposition by induction on n. When n — 0, the R- module X 
is in add^X, and X is isomorphic to a direct summand of (X)® m for some m > 0. 
Then we can take M := X® m e add^X. When n > 1, there is an exact sequence 

O^A^fiAC^Oof ^-modules with A,C G ext| _1 (X) such that X is a direct 
summand of B. The induction hypothesis implies that there exist S,T 6 ext^T 1 X such 
that A and C are isomorphic to direct summands of S and T, respectively. Hence we 
have isomorphisms A © A' = S and C © C — T of -R-modules. Taking the direct sum 
of the identity map A' — > A' and /, and the direct sum of the identity map C — > C 
and g, we obtain an exact sequence a : — > S — > B' — > T — ;> of -R-modules such 
that X is a direct summand of B' . The exact sequence a can be regarded as an element 
of Ext~(T, S), which is isomorphic to the completion (Ext^(T, 5*)) of Ext}j(T, S). By 
using Proposition 11.11( 2) and the assumption that X is free on the punctured spectrum 
of R, we observe that T is free on the punctured spectrum of R. Hence the i?-module 
Ext^(T, S) has finite length, and so we have (Ext)j(T, S)) = Ext)j(T, S). Therefore 

there exists an exact sequence r:0— > S — > M — > T — >0of -R-modules such that o is 

equivalent to the exact sequence r : By the choice of S and T, 

the module M belongs to ext^,X, and B' is isomorphic to M. This finishes the proof of 
the proposition. □ 

If -R is Cohen-Macaulay, then every .R-module that is free on the punctured spectrum 
of R is, up to direct summand, the completion of some -R-module that is free on the 
punctured spectrum of -R: 

Theorem 3.2. Let R be a Cohen-Macaulay local ring. Then for any R-module N which 
is free on the punctured spectrum of R, there exists an R-module M which is free on the 
punctured spectrum of R with depth^ M = depth^ X such that N is isomorphic to a direct 
summand of M. 

This result is already known: Wiegand (55] essentially proves a more general result by 
applying Elkik's theorem [21]. It is explicitly stated in [221 Corollary 3.5]. We give here 
a very different proof. 

Proof. By Theorem 12.41 X belongs to ext^(®^ =i = ext^(L), where t = depth^X 
and L = (&f =t Q l Rk. Since L is free on the punctured spectrum of .R, it follows from 
Proposition 13.11 that there exists an i?-module M e extn(L) such that the -R-module X 
is isomorphic to a direct summand of M. We see from Proposition 11.11( 2) that M is 
free on the punctured spectrum of .R. We have depth^ X > depth^ M = depth R M, 
and depth^M > depths L = t = depth^X by Proposition 11.12( 1). Thus the equality 
depths M = depth^ X holds. □ 

The corollary below immediately follows from Theorem 13.21 
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Corollary 3.3. Let R be a Cohen- Macaulay local ring. Then for any Cohen- Macaulay 
R-module N which is free on the punctured spectrum of R, there exists a Cohen- Macaulay 
R-module M which is free on the punctured spectrum of R such that N is isomorphic to 
a direct summand of M . 

Here we recall a well-known elementary fact. 

Proposition 3.4. If R has an isolated singularity, then so does R. The converse of the 
first assertion holds if R is excellent. 

Remark 3.5. It is known that every complete local ring containing a field is the comple- 
tion of some local ring having an isolated singularity; see [30] . Hence, in general, having 
an isolated singularity does not ascend to the completion. 

The following result is a consequence of Proposition 13.41 and Corollary 13.31 

Corollary 3.6. Let R be a Cohen- Macaulay local ring whose completion has an isolated 
singularity (e.g. a Cohen- Macaulay excellent local ring with an isolated singularity) . Then 
for any Cohen-Macaulay R-module N there exists a Cohen- Macaulay R-module M such 
that N is isomorphic to a direct summand of M. 

We recall a definition concerning an equivalence of categories. 

Definition 3.7. Let F : A — > B be an additive functor of additive categories. We say 
that F is an equivalence up to direct summand if it satisfies the following two conditions. 

(1) F is fully faithful. 

(2) F is essentially dense, namely, for each object B of B there exists an object A of A 
such that B is isomorphic to a direct summand of FA. 

Now, by using Corollary 13. 6[ we recover a recent result of Keller, Murfet and Van den 
Bergh Corollary A. 7]. 

Corollary 3.8 (Keller- Murfet- Van den Bergh). Let R be a Cohen-Macaulay local ring 
whose completion has an isolated singularity (e.g. a Cohen-Macaulay excellent local ring 
with an isolated singularity) . Then the natural functor CM (R) — > CM(R) is an equivalence 
up to direct summand. 

Proof. Let M, iV e CM(R). We have functorial isomorphisms 

Horn R (M, N) = Torf(Tr fl M, iV) = (Torf (Tr R M,N))~ 

^ Torf (Tr n M, N) S Hom gfM, N), 

where the second isomorphism follows from the fact that the -R-module Torf (Tr^ M, iV) 
has finite length since N is free on the punctured spectrum of R. Therefore the functor 
CM (R) — > CM(R) is fully faithful. The essential density of this functor follows from 
Corollary 13.61 □ 

Applying Corollary 13. 3[ we can also obtain some results concerning ascent and descent 
of the Cohen-Macaulay representation type of Cohen-Macaulay local rings. For this, we 
state an easy lemma. 
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Lemma 3.9. An R-module M is free on the punctured spectrum of R if and only if M 
is free on the punctured spectrum of R. 

Now we can prove the following proposition. This result says that finiteness and count- 
ability of the set of isomorphism classes of indecomposable Cohen- Macaulay modules that 
are free on the punctured spectrum ascends and descends between a Cohen-Macaulay local 
ring and its completion. 

Proposition 3.10. Let R be a Cohen-Macaulay local ring. Then the following are equiv- 
alent: 

(1) There exist only finitely (respectively, countably) many isomorphism classes of inde- 
composable Cohen-Macaulay R-modules that are free on the punctured spectrum of 
R; 

(2) There exist only finitely (respectively, countably) many isomorphism classes of inde- 
composable Cohen-Macaulay R-modules that are free on the punctured spectrum of 
R. 

This result is proved in a similar way to the proof of [55], Theorem 1.4]. 

Proof. (1) =>■ (2): Let M 1; M 2 , . . . , M n be all the nonisomorphic indecomposable Cohen- 
Macaulay -R-modules that are free on the punctured spectrum of R. (Here, we regard n as 
oo in the countable case.) Let Mi = L^\ © • • -(BL^. be an indecomposable decomposition 
of the i?-module Mi for each integer i with 1 < i < n. We claim that every indecomposable 
Cohen-Macaulay -R-module iV that is free on the punctured spectrum of .R is isomorphic 
to some Li j. Indeed, Corollary 13.31 guarantees that there exists a Cohen-Macaulay R- 
module M which is free on the punctured spectrum of -R such that N is isomorphic 
to a direct summand of M. Since every (indecomposable) direct summand of M is a 
Cohen-Macaulay -R-module that is free on the punctured spectrum of -R, we have an 
indecomposable decomposition M = M®" 1 © • ■ ■ © M® a ™ of the -R-module M for some 

- — -ffiai 

integer m with 1 < m < n. Hence N is isomorphic to a direct summand of M\ © ■ • • © 

©f'TTT. """"""" ' ' 

M m . Note that .R is a henselian local ring. Since N is an indecomposable -R-module, 
by virtue of the Krull-Schmidt theorem N is isomorphic to a direct summand of for 
some 1 < k < m, and is isomorphic to Lf.^ for some 1 < h < I}.. 

(2) =>- (1): Let Ni,N2,...,N n be all the nonisomorphic indecomposable Cohen- 
Macaulay -R-modules that are free on the punctured spectrum of .R. (Here, we regard 
n as oo in the countable case.) Corollary 13.31 shows that for each integer i with 1 < i < n 
there exists a Cohen-Macaulay -R-module Mj which is free on the punctured spectrum of 
R such that Ni is isomorphic to a direct summand of Mj. Put M[ = Mi © • • ■ © Mj. It 
follows from [SSI Theorem 1.1] that there are only finitely many nonisomorphic indecom- 
posable .R-modules in addij(M J / ). Let L^x, . . . jLij. be those .R-modules. Then we claim 
that every indecomposable Cohen-Macaulay -R-module M that is free on the punctured 
spectrum of .R is isomorphic to some Lij. In fact, Lemma [3.91 implies that M is free on 
the punctured spectrum of R. Hence for some integer m with 1 < m < n there is an 
isomorphism M = Nf ai © • • • © N® am of -R-modules, which implies that M belongs to 
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addg(M^). According to [55j Lemma 1.2], the i?-module M belongs to add^(M^), and 
it follows that M is isomorphic to L m ^ for some 1 

A Cohen- Macaulay local ring i? is said to have finite (respectively, countable) Cohen- 
Macaulay representation type if there exist only finitely (respectively, countably) many 
isomorphism classes of indecomposable Cohen-Macaulay i?-modules. Now we recover the 
following theorem due to Leuschke and Wiegand [551 Corollary 1.6] [45, Main Theorem], 
which was conjectured by Schreyer [501 Conjecture 7.3]. In fact, Propositions 13.101 13.41 
and [36, Corollary 2] imply this corollary. 

Corollary 3.11. Let R be a Cohen-Macaulay local ring. 

(1) If the completion R has finite Cohen-Macaulay representation type, then so does R. 

(2) The converse of the first assertion holds if either R has an isolated singularity or R 
is excellent. 

Using Propositions 13. 101 and l3~4"t we can also obtain the following result. 

Corollary 3.12. Let R be a Cohen-Macaulay local ring whose completion R has an iso- 
lated singularity (e.g. a Cohen-Macaulay excellent local ring with an isolated singularity). 
Then R has countable Cohen-Macaulay representation type if and only if so does R. 

4. Thick subcategories of Cohen-Macaulay modules 

In this section, we consider classifying thick subcategories of CM(R) in terms of 
specialization-closed subsets of Spec R. We begin with a lemma. 

Lemma 4.1. Let — > L — > M — > N — > be an exact sequence of R-modules. Then there 
exists an exact sequence — > QN — > L® F — > M — > of R-modules, where F is free. 

This lemma is easily proved by taking an exact sequence — > QN — > F — > N — > with 
F free and making a pullback diagram. 

The following result is easy to verify by using the fact that CM(i?) is a resolving 
subcategory of modi? (cf. Example 11.6( 3)). 

Proposition 4.2. Let R be a Cohen-Macaulay local ring. If X is a thick subcategory of 
CM(i?) containing R, then X is a resolving subcategory of mod R contained in CM(R) 

For a subcategory X of modi?, we denote by X the subcategory of modi? consisting 
of all modules M such that there exists an exact sequence 

->• X n X n _! ->• > Xx^Xq^ M ^ 

with Xi G X for < i < n. To investigate the structure of X for a thick subcategory X 
of CM(i?), we make the following lemma. 

Lemma 4.3. Let X be a resolving subcategory of mod R. Let — > X n — > X n _\ —>•••—>■ 
X\ — > Xq — y M — y be an exact sequence in modi? with Xi e X for < i < n. Then 
n n M belongs to X. 
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Proof. Let us prove the lemma by induction on n. The assertion obviously holds in the 
case where n = 0. Let n > 1. Let iV be the kernel of the map Xq — > M in the exact 
sequence. Then there is an exact sequence —> X n — > X n _i —)■•••—>■ X 2 — >■ X x — >■ iV — )■ 0, 
and the induction hypothesis says that f2 n-1 iV belongs to A\ Applying Lemma 14.11 to 
the exact sequence 0— > iV — > Xq — Y M — )■ 0, we get an exact sequence — > QM — >■ 
N © F — > Xq — > 0, where F is a free .R-module. From this we obtain an exact sequence 
Q n M -»• n^JVeG -»■ fi"- 1 ^ ^ of .R-modules such that G is free. Since ft™" 1 ^ 
and f2 n_1 M © G belong to X, so does f2 n M, as required. □ 

Here we recall the definition of a Cohen-Macaulay approximation. 

Definition 4.4. Let R be a Cohen-Macaulay local ring with a canonical module. Let M 
be an i?-module. Let — > I — > C — > M — > be an exact sequence of -R-modules such that 
C is Cohen-Macaulay and that I has finite injective dimension. Such a Cohen-Macaulay 
module C is called a Cohen-Macaulay approximation of M. For every i?-module M, a 
Cohen-Macaulay approximation of M exists. It is not uniquely determined in general, 
but if R is henselian, then it is essentially uniquely determined. For the details of the 
notion of a Cohen-Macaulay approximation, see [2]. 

Let X be a thick subcategory of CM(R) containing R and the canonical module of R. 
Then we have several equivalent conditions for a given i?-module to be in the subcategory 
X of mod-R. 

Proposition 4.5. Let R be a Cohen-Macaulay local ring with a canonical module u. Let 
X be a thick subcategory of CM(i?) containing R and u. Put n = d — depth M. Then the 
following are equivalent: 

(1) M is in X; 

(2) Q l M is in X for some i > 0; 

(3) Q d M is in X; 

(4) Q n M is in X; 

(5) Vt l M is in X for all i > n; 

(6) Every Cohen-Macaulay approximation of M is in X; 

(7) Some Cohen-Macaulay approximation of M is in X . 

Proof. First of all, note from Proposition l4.2l that the subcategory X of mod R is resolving, 
and so it is closed under syzygies. 

(5) <^ (4): These implications are trivial. 

(4) =4> (3): The module Vt d M is the (d - n) th syzygy of Vt n M. Hence Vt d M belongs to 

X. 

(3) =^ (2): This implication is trivial. 

(2) =>• (4): Since X is a subcategory of CM(R), the i?-module O'M is Cohen-Macaulay. 
Hence we have d = depth Q l M = inf {depth M + i,d}, which implies depth M + i > d, 
i.e., i > n. Therefore there is an exact sequence 

-> WM 4 h 1 ■■■ F n+1 H 1 F n h Q n M -)• 

of i?-modules such that each Fj is free. Letting Nj be the image of fj, we have a short 
exact sequence — > Nj + \ — > Fj — y Nj — > for each n < j < i — 1. Note that all 
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modules appearing in this short exact sequence are Cohen-Macaulay. Since X is a thick 
subcategory of CM(R), we see by descending induction on j that Q n M belongs to X. 

(1) =>- (2): Lemma [4.31 shows this implication. 

(2) => (1): There is an exact sequence ->■ Vt l M ->■ -> ► Fi ->■ F ->■ M ->■ 

such that Fq, F%, . . . , Fj_i are free. Since Fq, Fi, . . . , Fj_i, O l M are all in X, the module 
M is in <£. 

The combination of all the above arguments proves that the conditions (l)-(5) are 
equivalent to one another. 

(6) =>- (7): This implication is clear. 

(7) => (1) and (3) (6): Let 

(4.5.1) 

be an exact sequence of P-modules such that C is Cohen-Macaulay and that I has finite 
injective dimension. According to [14, Exercise 3.3.28(b)], there is an exact sequence 

(4.5.2) — >• tu m w x w / 

with G add a; for < j < m. Splicing (14.5. ip and ( I4.5.2p together, we obtain an exact 
sequence — > u m — > ■ ■ ■ — > U\ — > u — > C — > M — > 0. Each Uj is in X since X contains 
oj. Hence, if C belongs to X, then M belongs to X. Thus (7) implies (1). 

Now suppose that the condition (3) holds. From (14.5. ip we get an exact sequence 
-»■ Vl d I ->■ Vl d C © F -»■ n d M ^ of Cohen-Macaulay .R-modules with F free. It follows 
from the exact sequence (I4.5.2P that I is in X. By the equivalence (1) (3), the module 
is in X . As f2 d M is in X, the module fl d C is also in A". There is an exact sequence 
-> ->■ P d _i where each is free. Note that all the 

modules appearing in this exact sequence are Cohen-Macaulay P-modules. Similarly to 
the proof of the implication (2) (4), decomposing the above exact sequence into short 
exact sequences shows that the module C belongs to X . Thus (3) implies (6). 

As a consequence, the conditions (l)-(7) are equivalent to one another. □ 

To consider classifying thick subcategories of Cohen-Macaulay modules, it is neces- 
sary to investigate the structure of the additive closure of a localization of a resolving 
subcategory of mod P. 

Lemma 4.6. Let X be a resolving subcategory of mod R, and let p be a prime ideal of 
R. Suppose that an R-module M is such that M p belongs to add# p X p . Then there exists 
an exact sequence O-fiV^I-fM-fOin mod P with X e X such that the localized 
exact sequence — > N p — > X p — > M p — > splits. 

Proof. There is an P p -isomorphism M p © L = Y p for some L e modP p and Y e X. We 
have an isomorphism L = K p for some K G modP, and get (M © K) p = Y p . Hence there 
exists an isomorphism Y p — > (M © K) p of P p -modules. Since Hom^Yj,, (M © K) p ) = 
Hom^(y, M © K)p, there is a homomorphism / : Y — > M © K of P-modules such that 
fp is an isomorphism. Write / = m for some g G Hohir(Y, M) and h G Hohir(Y, K). 
Then (^ p ) is an isomorphism, and it is easy to see that g p is a split epimorphism. There 
exists an P-homomorphism p : F — > M with F free such that the P-homomorphism 
(g,p) : Y © P — > M is surjective. Taking its kernel and setting X = Y © P, we obtain 
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(9,p) 



an exact sequence — > N — > X M — > of R- modules with X G X. It is easily seen 
that the localization of this exact sequence at p splits. Thus the proof of the lemma is 
completed. □ 

Applying the above lemma, we can prove the following proposition. It will play a key 
role in the proof of (the essential part of) the main result of this section. 

Proposition 4.7. Let R be a Cohen-Macaulay local ring. Let X be a resolving subcategory 
of mod R contained in CM(R), and let M be a Cohen-Macaulay R-module. Let $ be a 
nonempty finite subset of Spec R. Assume M p is in add# p X p for every p G $. Then there 
exists an exact sequence — > L — > N — > X — > of Cohen-Macaulay R-modules such that 
X G X, that M is a direct summand of N, that V R (L) C V R (M) and that V R (L) fl $ = 0. 



Proof. Let $ = {pi, 
an exact sequence 



. . . , p n }. Lemma 14.61 shows that for each 1 < i < n there exists 
— > Ki — > Xi ^\ M — > with X; G X such that the localized 



exact sequence — > {Ki) Pi — > (Xj) Pi M Pi — > splits. We get an exact sequence 

a : K ^ X A M ->■ 0, where X = X 1 ® • • • © X n G X and = . . . , <f> n ). Note 
that X and ii' are Cohen-Macaulay since so are M and each X{. It is easily seen that 
the localization of a at pi splits for each 1 < % < n. We identify the exact sequence o as 
the corresponding element of Ext^(M, K). Then for each 1 < i < n we have a Pi = in 
Ext^(M, K) Pi , which implies that there exists an element fi G R \ pi such that fiO = 0. 
Setting / = fif 2 ■ ■ • fni we have / ^ pj for all 1 < i < n and fa = 0. As o"/ = in 

Ext R (M,K) f = Extkk (Mf,K f ), the exact sequence a f : ->• X f % M f ->■ of 

ify-modules splits. Since Hom^^Mj^j) is isomorphic to Hom^(M, X)j, we see that 
there exists an i?-homomorphism v : M — > X such that (vf^ipf) : My © ffy — > Xf is 
an isomorphism. Take an i?-homomorphism e : F — > X with F free such that (z/, ip, e) : 

M©i^©F— i-Xis surjective. We have an exact sequence — > L — > N X — > of 
Cohen-Macaulay i?-modules, where iV := M © K © F. There is a commutative diagram 









M f @K 



f 



> X f 



-» 



i o 
o 1 
o o 



^ Li 



¥ M f @K 



f 



tf > Xf 



-> 



with exact rows and columns. The snake lemma implies that Lf is isomorphic to Ff, and 
hence each L Pi is isomorphic to the free _R Pi -module F Pi . Therefore we have Vr(L) fl$ = 0. 
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Next, let us prove that Vr(L) is contained in Vr{M). Fix any prime ideal p G Vr(L). 
There is a commutative diagram 







1 

r K p M p © K p © F p y M p © F p y 



>K P ^> 







-> M p y 



with exact rows and columns. It follows from the snake lemma that we have an exact 
sequence — > L p — y M p ©F p — y M p — y of -Rp-modules. Since L p is not a free -Rp-module, 
neither is M p . Thus p belongs to Vr(M), as desired. □ 

The additive closure of a localization of a resolving subcategory is resolving again. 

Lemma 4.8. Let X be a resolving subcategory of mod R. Then the subcategory add^ p X p 
of mod i?p is resolving for every prime ideal p of R. 

Proof. The category add# p X p is closed under direct summands, and contains R p . Accord- 
ing to Proposition 11.51 it suffices to prove that add^ p X p is closed under extensions and 
syzygies. 

First, we verify that add# p X p is closed under extensions. Let 0— y L A- M A- N — y 
be an exact sequence of -Rp-modules such that L and N are in add/j p X p . Then we have 
L © V = Xp and iV © N' = Y p for some .R-modules X, Y e X and ^-modules L', N'. 
Taking the direct sum of the identity map V —y L' (respectively, N' —y N') and / 
(respectively, g), we have an exact sequence a : — y X p — y M' — y Y p — y of -Rp-modules 
such that M is a direct summand of M' . This exact sequence a can be regarded as an 
element of Ext^ p (Yp, X p ) = Ext R (Y, X) p , and we observe that it is isomorphic to r p for 
some exact sequence r:0-)-X-)-£'-^} / -)-0of i?-modules. Hence M' is isomorphic 
to Ep, and E belongs to X since X is closed under extensions. Therefore M belongs to 
add Rp Xp. 

Next, we check that add^ p X p is closed under syzygies. Let M be an i? p -module in 
add^ p Xp. Then M © N = X p for some R p -module N and X e X. Hence we get 
isomorphisms Qr M (BQ,r p N = Qr p X p = (QrX) p up to free summand. Since X is closed 
under syzygies, (Q R X) P is in X p , and so flR p M is in add# p X p . □ 

Let $ be a subset of Spec R. Recall that the dimension dim $ of $ is defined as the 
supremum of dimi?/p where p runs through all prime ideals in $. Hence dim$ = — oo if 
and only if $ is empty. We denote by min <3> the set of minimal elements of $ with respect 
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to inclusion relation. Then note that dim<3> is equal to the supremum of dimi?/p where 
p runs through all prime ideals in min$. The proposition below is the essential part of 
the main result of this section. 

Proposition 4.9. Let R be a Cohen-Macaulay local ring with a canonical module u>. Let 
X be a thick subcategory of CM(R) containing R and u. Let M be a Cohen-Macaulay R- 
module. Assume that n(p) belongs to add^ p X p for all p 6 Vr(M). IfVu(M) is contained 
in, Vr(X), then M belongs to X . 

Proof. We use induction on dimVi?(M). 

When dimVij(M) = — oo, we have Vr(M) = 0. Hence M is a free .R-module, and M 
belongs to X. 

When dim Vr(M) = 0, the set Vr(M) coincides with {m}, hence, M is free on the 
punctured spectrum of R. Corollary 12.61 shows that M is in ext(Q d k). By assumption, 

/t(m) belongs to add# m X m , which means that the .R-module k belongs to X, and Q d k 
belongs to X by Proposition 14.51 Since the subcategory X of modi? is closed under direct 
summands and extensions, M belongs to X. 

Let us consider the case where dimV^(M) > 1. Fix a prime ideal p G minVij(M). We 
check step by step that M p satisfies the induction hypothesis. 

(1) It is easy to see from the minimality of p that dim Vr p {M v ) = < dimVij(M). 

(2) It is obvious that add# p X p is a subcategory of CM(R V ) containing R v and u p . 

(3) Proposition 14.21 and Lemma 14.81 say that add^ p X v is a resolving subcategory of 
mod Rp. Let 0— > L — > M — > N — > Obe an exact sequence in CM(R p ) such that L and M 
are in add# p X p . Then we have L@L' = X p for some V £ add^ p X p and X e X. We obtain 
an exact sequence 0-^X p ->M'-^iV-^0, where M' := M © V e a,dd Rf X p . Since X 
is a Cohen-Macaulay i?-module, there is an exact sequence — > X — > u en — > Y — > of 
Cohen-Macaulay R- modules. As X and uj belong to X, the module Y also belongs to X 
by the thickness of X. We make the following pushout diagram. 



> X p > M' > N y 

y u® n y E y N y 

n = y p 



Since is a Cohen-Macaulay -R p -module, we have Ext Rfi (N,uj p ) = 0. Hence the middle 
row is a split exact sequence, and we get an exact sequence —y M' —y w® n ©iV — y Y p — y 0. 
Since M' and Y p are in addij p X p and since addR p X p is a resolving subcategory of mod_R p , 



24 



RYO TAKAHASHI 



the module N belongs to adda, X p . Consequently, add fip X p is a thick subcategory of 



(4) Our assumption implies that n(q) is in (add(i? p ) q (add^ X p ) q ) for any q G Vr p (M p ). 

(5) It is easily checked that Vr p (M p ) is contained in Vij p (add# p X p ). 

The above arguments (l)-(5) enable us to apply the induction hypothesis to M p , and 
we see that M p belongs to add# p X p for all p G min Vr(M). 

Now, by virtue of Proposition 14. 71 there exists an exact sequence 0— » L — > N — > X — > 
of Cohen-Macaulay iZ-modules with X G X, V R (L) C V R (M) and V R (L)nmm Vr{M) = 
such that M is a direct summand of N. We have dim Vr(L) < dim Vr(M). We can apply 
the induction hypothesis to L, and see that L is in X. The above exact sequence shows 
that N is also in X, and so is M. □ 

We recall that the non-Gorenstein locus nonGori? of R is defined as the set of prime 
ideals p of R such that the local ring R p is not Gorenstein. Let R be a Cohen-Macaulay 
local ring. For a subset $ of SpecR, we denote by Vq ] J i ( ( I ) ) the subcategory of CM(R) 
consisting of all Cohen-Macaulay .R-modules M such that V(M) is contained in $. The 
following theorem is the main result of this section. 

Theorem 4.10. Let R be a Cohen-Macaulay local ring with a canonical module u. Then 
one has the following one-to-one correspondence: 

( thick subcategories X of CM(R) "I v ( specialization- closed subsets $1 



Proof. Fix a thick subcategory X of CM(R) containing R and u such that n(p) belongs 

to addij p Xp for every p G V(X), and a specialization-closed subset $ of Speci? with 
nonGori? C $ C Singi?. We prove the theorem step by step. 

(1) The set V(X) is a specialization-closed subset of Speci? by Proposition II . 14( 2) . 

(1) Let p be a prime ideal such that R p is not Gorenstein. Then u p is not free over R p . 
Since X contains u, the prime ideal p is in V(X). Thus nonGori? is contained in V(X). 

(ii) Proposition 11.141 (1) shows that V(X) is contained in Singi?. 

(2) We have V(Vcu($)) = In fact, it is clear that V(Vcm($)) is contained in $. 
Let p be a prime ideal in $. Proposition 11.151 (6) implies that R/p belongs to V _1 ($), 
and £l d (R/p) belongs to Vcm($) by Proposition |L15_(3) . Hence V(tt d (R/p)) is contained 
in V(Vcm( < I ) ))- Since the local ring R p is not regular, the R p -module n(p) has infinite 
projective dimension. We see from this that p is in V(£l d (R/p)), and so p is in V(Vq ] J i ( < I ) )). 
Thus $ is contained in V(Vq ] J i ( ( I ) )), as desired. 

(3) (i) It is clear that V^m^) contains R. 

(ii) The category V _1 ($) of modi? is resolving by Proposition 11.15( 3). In order to see 
that Vq ] J i ( < I ) ) is a thick subcategory of CM(R), it is enough to check that if — > L — > 
M — > N — > is an exact sequence of Cohen-Macaulay -R-modules such that L, M belong 
to VJ^ I ( < I ) ), then iV also belongs to Vq M (<I>). Let p be a prime ideal in V(N). Assume 
that p is not in $. Then L p and M p must be free i? p -modules, which implies that N p has 
projective dimension at most 1. The Auslander-Buchsbaum formula shows that Np is a 



CM(Rp). 
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free i? p -module, which contradicts the choice of p. Hence p is in $, and we have that N 
belongs to Vq u ($). Thus Vc^($) is a thick subcategory of CM(i?). 

(iii) Since $ contains nonGori?, we see that the canonical module co is in Vq^(^). 

(iv) Let p be a prime ideal in V(V^($)). Then the arguments in (2) prove that 
Q d R (R/p) belongs to Vcm($)- Hence Q R k(p) belongs to add^V^^)^, which implies 
that K(p) is in (add^V^^)^)"- 

(4) We have Vc M (V(Af)) = Indeed, it is obvious that X is contained in Vq m (V(X)). 
Let M be a module in Vcm{V{X)). Then V(M) is contained in V{X). Proposition III 
proves that M belongs to X . Thus V^iV^X)) is contained in X, as required. 

Consequently, we obtain the one-to-one correspondence in the theorem. □ 

Corollary 4.11. Let R be a Cohen-Macaulay local ring with a canonical module u. Let X 
be a thick subcategory of CM(R) containing R and u. Then the following are equivalent: 

(1) One has n(p) G a,dd Rv X p for all p G V(X); 

(2) One has R/p G X for all p G V(X). 

Hence one has the following one-to-one correspondence: 



Proof. (2) =>- (1): Localization at p shows this implication. 

(1) =>- (2): According to Theorem 14.101 there exists a specialization-closed subset $ of 
Speci? with nonGori? C $ C Singi? such that X = Vq^Q). Let p be a prime ideal 
in V{X) = $. Then R/p belongs to V _1 ($) by Proposition (UI5^6), and hence Q d R (R/p) 
belongs to Vc^ I ($) = X by Proposition 11.15( 3). This implies that R/p is in X. 

The last assertion follows from Theorem 14.101 □ 

Let R be a Cohen-Macaulay local ring. We recall that R is said to be generically 
Gorenstein if R p is a Gorenstein local ring for all p G Mini?. (Here Mini? denotes the 
set of minimal prime ideals of R.) Also, we recall that an R- module M is said to be 
generically free if M p is a free _R p -module for all p G Min R. 

Example 4.12. Let R be a generically Gorenstein, Cohen-Macaulay local ring with a 
canonical module to. Put $ = Sing R \ Min R. Then it is straightforward that $ is 
a specialization-closed subset of Speci? satisfying nonGori? C $ C Singi?. We easily 
observe that the subcategory V^m^) of CM(i?) consists of all Cohen-Macaulay i?-modules 
that are generically free. By Corollary I4.11[ the generically free Cohen-Macaulay R- 
modules form a thick subcategory X of CM(i?) containing R and u such that R/p is in 
X for all p G V(X) = $. 

5. Thick and resolving subcategories and hypersurfaces 

In this section, we study thick subcategories of CM(i?) containing R when R is an 
abstract hypersurface, and study resolving subcategories of modi? contained in CM(i?) 
containing Q d k when i? is a Cohen-Macaulay local ring that is an abstract hypersurface 
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on the punctured spectrum. We shall completely classify those subcategories by corre- 
sponding them to specialization-closed subsets of Spec i? contained in Sing R. First of all, 
we recall the definitions of a hypersurface and an abstract hypersurface. 

Definition 5.1. (1) A local ring R is called a hypersurface if there exist a regular local 
ring S and an element / of S such that R is isomorphic to S/ (/). 

(2) A local ring R is called an abstract hypersurface if there exist a complete regular local 
ring S and an element / of S such that the completion R of R is isomorphic to S/ (/). 

Remark 5.2. Every hypersurface is an abstract hypersurface, while we do not know 
whether there exists an abstract hypersurface that is not a hypersurface. A complete 
local ring is a hypersurface if and only if it is an abstract hypersurface. In particular, for 
an artinian local ring, being a hypersurface is equivalent to being an abstract hypersurface. 

Over an abstract hypersurface R, a thick subcategory of CM(R) containing R is nothing 
but a resolving subcategory of modi? contained in CM(i?): 

Proposition 5.3. Let R be an abstract hypersurface, and let X be a subcategory of mod R. 
Then X is a thick subcategory of CM(R) containing R if and only if X is a resolving 
subcategory of mod R contained in CM(R). 

Proof. We have already dealt with the 'only if part in Proposition 14.21 Let us consider 
the 'if part. Let 0->L->M-^iV->Obean exact sequence in CM(R). Suppose that 
L and M belong to X. We want to show that N also belongs to X. Applying Lemma 
14.11 we get an exact sequence — > QN — )■ L ® F — » M — > of i?-modules with F free. 
As L © F and M are in the resolving subcategory X of mod R, so is QN, and hence so 
is Q 2 N. We have an isomorphism Q 2 N = N up to free summand; see [3], Theorem 5.1.1]. 
Hence iV is in X. Thus X is a thick subcategory of CM(R) containing R. □ 

Using Proposition 15.31 we can show the following result. 

Corollary 5.4. Let R be an abstract hypersurface. Let M be a Cohen-Macaulay R- 
module. Then resM is the thick subcategory of CM(R) generated by R® M. 

Next, we want to classify extension-closed subcategories of mod R when R is an artinian 
hypersurface. For this, we establish a lemma. 

Lemma 5.5. Let S be a discrete valuation ring with maximal ideal (x). Let R = S/(x n ) 
with n > 1 . Then for each integer 1 < i < n — 1 there exists an exact sequence 

(5.5.1) ->• R/(x l ) A R/ix 1 - 1 ) © R/{x i+1 ) A 

of R-modules, where x° := 1. 

Proof. Existence of the exact sequences (15.5. ip is well known to experts; they are 
Auslander-Reiten sequences for modi?. One can directly show the existence, defining 
the maps /, g by f(a) = (") and g((f)) = ax — b, where (■) denotes the residue class. □ 

Now we can give a classification result of extension-closed subcategories of modules over 
an artinian hypersurface. There exist only four such subcategories. 
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Proposition 5.6. Let R be an artinian hyper surf ace. Then all extension-closed subcate- 
gories of mod R are the empty subcategory, the zero subcategory, add-R and mod R. 

Proof. It is easily seen that there exist a discrete valuation ring S with maximal ideal (x) 
and a positive integer n such that R is isomorphic to S/(x n ) (cf. Remark 15. 2p . Applying 
to S the structure theorem for finitely generated modules over a principal ideal domain, 
we can show that mod R = &dd R (R © R/{x) © R/(x 2 ) © • • • © i?/^ 1 )). Suppose that 
X is not any of the empty subcategory, the zero category and add.R. Then, since X is 
closed under direct summands, it contains R/(x l ) for some 1 < I < n — 1. Lemma 15.51 
says that X contains both and R/(x l+1 ). An inductive argument implies that X 

contains R/(x), R/(x 2 ), . . . , R/(x n ^ 1 ), R/(x n ) = R. Hence X coincides with modi?. □ 

We state here two lemmas. The first one is easy. 

Lemma 5.7. Let R be an abstract hypersurface. Then there exists a system of parameters 
x of R such that Rj (as) is an artinian hypersurface. 

Lemma 5.8. Let X be an R-module. Let x be an R- and X -regular element of R. If M 
belongs to res R /( x ) X/xX , then Q R M belongs to res R X . 

Proof. The i?/(x)-module M is in X/xX for some integer n > 0. Let us prove by 

induction on n that QrM is in res^X. 

When n = 0, by definition M is in add R /^(X/xX © R/(x)), and Q R M is in 
&dd R (il R (X/xX) © R). Applying Lemma I4~T1 to the exact sequence — > X A X — > 
X/xX — > 0, we obtain an exact sequence — > VLr(X/ xX) — > X (B F — > X — > with F 
free. Since res# X is resolving, Vt^{X/ xX) is in res#X, and therefore VIrM is in iqsrX. 

When n > 1, there exist exact sequences of i?/(a;)-modules 

O^Si^Yi^Ti^Q (l<i<p), 
O^Y^ Si^Ti^O {p + l<i<q) 

with Si, Ti E res^,~ ^ (X/ xX) for 1 < i < q such that M is a direct summand of Yi©- ■ -@Y q . 
Then there are exact sequences of i?-modules 

o n R s t n R Yi © Fi n R Ti -»> o (i<i<p), 

-)• fi^Fi -)• n fl 5i © ^ -> fijjTi ^0 (p + l<t<q) 

with each Fj free, and the induction hypothesis implies that fl R Si and Q R Ti are in res# X 
for 1 < % < q. Since res X is resolving, f^Yi is in resi? X for 1 < i < q, and so is Q R M. □ 

Now we can show the following proposition. 

Proposition 5.9. Let R be an abstract hypersurface, and let X be a resolving subcategory 
of mod R contained in CM(R). Then n(p) belongs to a,dd Rp X p for every p G V R (X). 

Proof. Let p be a prime ideal in V R (X). Then there exists an i?-module X e X such that 
X p is a nonfree i? p -module. Note that R p is an abstract hypersurface by [3, Propositions 
4.2.4(1) and 4.2.5(1); Theorem 5.1.1; Remark 8.1.1(3)]. Lemma 15.71 gives a system of 
parameters x = x\, . . . , x n of R f such that R v /(x) is an artinian hypersurface. Proposition 
15.61 implies that all resolving subcategories of mod R p /(x) are the empty subcategory, the 
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zero subcategory, add# /( x ) R p /(x) and modRp/(x). Since X is contained in CM(.R), the 
.R-module X is Cohen-Macaulay, and so is the -Rp-module X p . Hence x is an _R P - and X p - 
sequence, and we see from [TJJ Lemma 1.3.5] that X p /xX p is a nonfree _R p /(a;)-module. 
Therefore msR v /( x ) X p / xX p is a resolving subcategory of mod-R p /(a;) which is different 
from any of the empty subcategory, the zero subcategory and add^/j^) R p /(x), and thus it 
must coincide with modR p /(x). In particular, res^/^) X p /xX p contains /c(p). Applying 
Lemma [5751 repeatedly, we see that fl R «(p) belongs to res# p X p , which is contained in 

addfl by Lemma H~8l We conclude that n(p) belongs to add# p X p . □ 

Combining Theorem 14.101 and Proposition 15. 9[ we obtain the following theorem which 
is a main result of this section. 

Theorem 5.10. Let R be an abstract hyper surf ace. Then one has the following one-to-one 
correspondence: 



The assumption that R is an abstract hypersurface in the above theorem looks too 
strong, but as the proposition below says, for a Cohen-Macaulay local ring having a 
module of complexity one, the converse of the assertion of the theorem holds. 

Proposition 5.11. Let R be a Cohen-Macaulay local ring. Assume there is an R-module 
of complexity one, namely, a bounded R-module of infinite projective dimension. If one 
has the one-to-one correspondence in Theorem \5.1(A then R is an abstract hypersurface. 

Proof. Let X be the subcategory of CM(R) consisting of all bounded Cohen-Macaulay R- 
modules. By Example 11.17( 7). X is a thick subcategory of CM(R) containing R. Let M 
be a bounded -R-module of infinite projective dimension. Then Q d M is a nonfree bounded 
Cohen-Macaulay -R-module. Hence Vt d M belongs to X, and m is in V{VL d M). It follows 
that m is in V(X), and we get V{fl d k) C {m} C V(X), hence Q d k belongs to V^j(V(Af)). 
The one-to-one correspondence in Theorem 15.101 implies Vq1 1 (V(X)) = X. Thus k is a 
bounded -R-module. By [3[ Remark 8.1.1(3)], the ring R is an abstract hypersurface. □ 

Next, we consider a Cohen-Macaulay local ring which is an abstract hypersurface on 
the punctured spectrum. 

Proposition 5.12. Let R be a Cohen-Macaulay local ring such that R p is an abstract 
hypersurface for every nonmaximal prime ideal p of R. Let X be a resolving subcategory 
of mod .R which contains Q d k and is contained in CM(-R). Let M be a Cohen-Macaulay 
R-module. IfVji(M) is contained in Vr(X), then M belongs to X. 

Proof. Let us prove the proposition by induction on n := dimV^(M). 

When n = — oo, we have Vr(M) = 0. This means that M is free, and M belongs to X. 

When n = 0, the module M is free on the punctured spectrum of R. Corollary 12.61 
implies M is in ext(Q d k). Since X is resolving and contains Q d k, the module M is in X. 

Let n > 0. Fix a prime ideal p G min Vr{M). Then m is not in minV^(M), and 
so p is different from m. By assumption, the local ring R p is an abstract hypersurface. 
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The set Vr p (M p ) is contained in Vr (addn Xp). Lemma H~8l and Proposition 15.31 say that 
add^ Xp is a thick subcategory of CM(i? p ) containing R p . By Theorem 15.101 we have 
addfl Xp = Vc^j(V(add/j p Xp)), which contains M p . Therefore, it follows from Proposition 
14.71 that there exists an exact sequence 0— > L — > N — > X — ^ of Cohen-Macaulay 
R- modules such that X belongs to X, that M is a direct summand of N, that Vr(L) is 
contained in Vr(M), and that Vr(L) does not meet min Vr(M). Hence L is a Cohen- 
Macaulay i?-module with dim Vr(L) < dim Vr(M) such that Vr(L) is contained in Vr(X). 
The induction hypothesis shows that L belongs to X. It is seen from the above short exact 
sequence that M also belongs to X. □ 

Using the above proposition, let us prove the following classification theorem of resolving 
subcategories, which is a main result of this section. 

Theorem 5.13. Let R be a Cohen-Macaulay singular local ring such that R p is an abstract 
hypersurface for every nonmaximal prime ideal p of R. Then one has the following one- 
to-one correspondence: 

{resolving subcategories of 1 v ^ (nonempty specialization-closed 
modi? contained in > ^ < subsets of Speci? 

CM(i?) containing VL d k J \ contained in Singi? 

Proof. Fix a resolving subcategory X of modi? contained in CM(i?) containing Q d k, and 
a nonempty specialization-closed subset $ of Spec i? contained in Sing R. 

(1) We see from Proposition 11.141 that V(X) is a specialization-closed subset of Speci? 
contained in Singi?. 

(2) The assumption that i? is singular implies that Q d k is nonfree as an i?-module. 
Hence m is in V(Q d k), and V(X) is nonempty. 

(3) It follows from Proposition 11.15( 3) and Example 11.6( 3) that V^($) is a resolving 
subcategory of modi? contained in CM(i?). 

(4) Since $ is nonempty, there is a prime ideal p 6 $. Since $ is specialization-closed, 
the maximal ideal m is in <3>. Hence V(VL d k) C {m} C $, which shows Vt d k is in Vq^Q). 

(5) The argument (2) in the proof of Theorem 14. 101 proves the equality V(Vq M ($)) = $. 

(6) We have VqI a (V(X)) = X. Indeed, the inclusion VqI a (V(X)) D X is obvious, and 
the inclusion Vq^ 1 (V(X)) C X follows from Proposition 15.121 □ 

As we observed in Proposition I4.2[ a thick subcategory of CM(i?) containing i? is always 
a resolving subcategory of mod R. Theorem 15 . 1 3 1 yields that the converse of this statement 
holds for a resolving subcategory of modi? contained in CM(i?) containing Q d k if i? is a 
Cohen-Macaulay local ring that is an abstract hypersurface on the punctured spectrum. 

Corollary 5.14. Let R be a Cohen-Macaulay local ring such that i? p is an abstract hy- 
persurface for every nonmaximal prime ideal p of R. Let X be a resolving subcategory of 
modi? contained in CM(i?) containing Q d k. Then X is a thick subcategory ofCM(R). 

Proof. If i? is regular, then we have CM(i?) = add i?, and X must coincide with add R. Let 
i?be singular. Theorem l5. 13l implies X = Vq^ i ( < I ) ), where $ = V(X). The argument (3)(ii) 
in the proof of Theorem 14. 101 shows that Vqm($) is a thick subcategory of CM(i?). □ 
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An abstract hypersurface singular local ring and a Cohen-Macaulay singular local ring 
with an isolated singularity are trivial examples of a ring which satisfies the assumption 
of Theorem 15.131 We end this section by putting some nontrivial examples. 

Example 5.15. Let A; be a field. The following rings R are Cohen-Macaulay singular 
local rings which are hypersurfaces on the punctured spectrums. 

(1) Let R = k[[x, y, z]]/(x 2 , yz). Then R is a 1-dimensional local complete intersection 
which is neither a hypersurface nor with an isolated singularity. All the prime ideals 
of R are p = (x,y), q = (x, z) and m = (x, y, z). It is easy to observe that both of the 
local rings R p and _R q are hypersurfaces. 

(2) Let R = k[[x, y, z, w]]/ (y 2 — xz, yz — xw, z 2 — yw, zw, w 2 ). Then R is a 1-dimensional 
Gorenstein local ring which is neither a complete intersection nor with an isolated 
singularity. All the prime ideals are p = (y,z,w) and m = (x, y, z, w). We easily see 
that i?p is a hypersurface. 

(3) Let R = k[[x, y, z]]/(x 2 , xy, yz). Then R is a 1-dimensional Cohen-Macaulay local 
ring which is neither Gorenstein nor with an isolated singularity. All the prime ideals 
are p — (x,y), q = (x,z) and m = (x,y,z). We have that Rp is a hypersurface and 
that R q is a field. 

6. Thick subcategories of stable Cohen-Macaulay modules 

In this section, we make results on the stable category of Cohen-Macaulay modules 
from ones on the category of Cohen-Macaulay modules obtained in Sections H] and El For 
this aim, we start by making the following definition. 

Definition 6.1. Let R be a Cohen-Macaulay local ring. 

(1) For a subcategory X of CM(R), we define the category X_ as follows: 

(i) Ob(#) = Ob(#). 

(ii) Hom*(M, N) = Hom R (M, N) for M,N <E Oh(X). 

(2) For a subcategory y of CM(R), we define the category y as follows: 

(i) oh(y) = ob(y). 

(ii) Homy(M, N) = Hom R (M,N) for M,N <E Ob(y). 

The proposition below says that classifying thick subcategories of CM (R) is equivalent 
to classifying thick subcategories of CM(R) containing R. It can easily be proved, and 
we leave the proof to the reader. 

Proposition 6.2. Let R be a Gorenstein local ring. Then one has the following one-to- 
one correspondences: 



{subcategories of CM(R) which are 
closed under direct sums and 
direct summands and contain R 



thick subcategories of CM(i?)l 
containing R J 



(■) 



(■) 



nonempty subcategories of CM (R) "1 
which are closed under finite > 
direct sums and direct summands \ 



[thick subcategories'" 
\ of CM(R) j 
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For every Cohen-Macaulay R-module M , the thick subcategory of CM(R) generated by 
R® M corresponds to the thick subcategory of CM (it?) generated by M. 

Now, we define the notion of a support for objects and subcategories of the stable 
category of Cohen-Macaulay modules. 

Definition 6.3. Let R be a Cohen-Macaulay local ring. 

(1) For an object M of CM (R), we denote by SuppM the set of prime ideals p of R 
such that the localization M p is not isomorphic to the zero module in the category 
CM(-Rp). We call it the stable support of M. 

(2) For a subcategory y of GM (R), we denote by Supp^ the union of Supp M where M 
runs through all nonisomorphic objects in y. We call it the stable support of y. 

(3) For a subset $ of Spec R, we denote by Supp -1 $ the subcategory of CM (it!) consisting 
of all objects M G CM (R) such that SuppM is contained in $. 

The notion of a stable support is essentially the same thing as that of a nonfree locus. 

Proposition 6.4. Let R be a Cohen-Macaulay local ring. 

(1) Let M be a Cohen-Macaulay R-module. Then one has SuppM = V(M). 

(2) Let X be a subcategory ofCM(R). Then one has SuppA^ = V(X). 

(3) Let y be a subcategory of CM (R). Then one has Supp y = V(y). 

(4) Let $ be a subset of Spec R. Then one has Supp -1 $ = V^($). 

The proof of this proposition is straightforward. 

Theorem 14.101 and Propositions 16. 2\ 16.41 yield the result below. 

Theorem 6.5. Let R be a Gorenstein local ring. Then one has the following one-to-one 
correspondence: 



By Theorem 15.101 and Proposition 16.21 we obtain the following theorem which classifies 
the thick subcategories of the stable category of Cohen-Macaulay modules over an abstract 
hyper surf ace. 

Theorem 6.6. Let R be an abstract hypersurface. Then one has the following one-to-one 
correspondence: 



Using Theorem 15.131 Corollary I5.14[ Propositions 14.21 and I6.2[ we get the following 
classification theorem analogous to Theorem 16.61 





Supp 



Supp 
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Theorem 6.7. Let R be a Gorenstein singular local ring such that i? p is an abstract 
hypersurface for every nonmaximal prime ideal p of R. Then one has the following one- 
to-one correspondence: 

Supp 

J thick subcategories of CM (it) 1 > J nonempty specialization-closed subsets 

| containing Vt d k J ^ — — o/ Spec i? contained in Sing i? 



Gathering Theorems 15. 10^ 15.131 16. 6[ 16. 7\ Proposition 15.31 and Corollary 15.141 together, 
we obtain the following classification theorem, which is the main result of this paper. 

Theorem 6.8. (1) Let R be an abstract hypersurface. Then one has the following one- 
to-one correspondences: 



{thick subcategories^ 
of CM_(i?) } 



Supp 



Supp 



{specialization- closed subsets of Spec R 
contained in Singi? 

{thick subcategories of CM(i?)l 
|_ containing R J 



resolving subcategories of modi? 
contained in CM(i?) 

(2) Let R be a Gorenstein singular local ring such that i? p is an abstract hypersurface 
for every nonmaximal prime ideal p of R. Then one has the following one-to-one 
correspondences: 



{thick subcategories of CM (R) 1 
containing Vl d k J 



Supp 



Supp 



'CM 



nonempty specialization-closed subsets} 
of Spec R contained in Sing R J 

{thick subcategories of CM(i?)l 
containing R and VL d k J 



J resolving subcategories of modi? 
^contained in CM(i?) containing Vt d k 



Note that Theorem 16. 8( 2) recovers Corollary l2.9l Applying Theorem 16.8( 1). we observe 
that over an abstract hypersurface R having an isolated singularity there are only trivial 
resolving subcategories of modi? contained in CM(i?) and thick subcategories of CM(i?). 

Corollary 6.9. Let R be an abstract hypersurface with an isolated singularity. 

(1) All resolving subcategories of mod i? contained in CM(i?) are addi? and CM(i?). 

(2) All thick subcategories of CM (i?) are the empty subcategory, the zero subcategory, and 
GM(R). 

Proof. Since i? has an isolated singularity, the singular locus Singi? is either or {m}. 
Hence all the specialization-closed subsets of Spec i? contained in Sing i? are and Sing R. 
We have Vc M (0) = addi? and ^(Singi?) = CM(i?). Also, Supp _1 (0) is the zero 
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□ 



Here let us consider an example of a hypersurface which does not have an isolated 
singularity, and an example of a Gorenstein local ring which is not a hypersurface but a 
hypersurface on the punctured spectrum. 

Example 6.10. (1) Let R = k[[x,y]]/(x 2 ) be a one-dimensional hypersurface over a field 
k. Then we have CM(R) = add{i?, (x), {x,y n ) \ n > 1} by (56J, Example (6.5)] or [T7J 
Proposition 4.1]. Set p = (x) and m = (x,y). We have Singi? = Speci? = {p,m}, 
hence all specialization-closed subsets of Spec R (contained in Sing R) are 0, {m} and 
Singi?. We have V^W = addi? and V£m (Singi?) = CM(R). The subcategory 
V c ^({m}) of CM(i?) consists of all Cohen- Macaulay modules that are free on the 
punctured spectrum of R, so it coincides with add{i?, (x, y n ) | n > 1}. Thus, by 
Theorem 16.8( 1). all resolving subcategories of modi? contained in CM(R) are addi?, 
add{i?, (x,y n ) \ n > 1} and CM(i?). All thick subcategories of CM(i?) are the empty 
subcategory, the zero subcategory, add{(x,y n ) | n > 1} and CM(i?). 

(2) Let R = k[[x, y, z]}/ (x 2 , yz) be a one- dimensional complete intersection over a field k. 
Then R is neither a hypersurface nor with an isolated singularity. All prime ideals of R 
are p = (x,y), q = (x, z) and m = (x, y, z). It is easy to see that Rp, i? q are hypersur- 
faces. Note that all the nonempty specialization-closed subsets of Spec R (contained 
in Singi?) are the following four sets: V(p), V(q), V(p, q), V(p, q, m). Theorem 16.81( 2) 
says that there exist just four thick subcategories of CM (R) containing Q d k, and exist 
just four resolving subcategories of modi? contained in CM(i?) containing Q d k. 

Remark 6.11. Let i? be a Gorenstein local ring. Corollary 12.91 implies that in the 
case where i? has an isolated singularity, a thick subcategory of CM(i?) coincides with 
CM(i?) whenever it contains Q d k. Example 16.101 especially says that this statement does 
not necessarily hold if one removes the assumption that i? has an isolated singularity. 
Indeed, with the notation of Example 16.10( 1). add{(x, y n ) \ n > 1} is a thick subcategory 
of CM(i?) containing Vt d k = m which does not coincide with CM(i?). Example 16.10( 2) 
also gives three such subcategories. 

7. Applications 

In this section, we give some applications of our Theorem l6.8l First, we have a vanishing 
result of homological and cohomological 5-functors from the category of finitely generated 
modules over an abstract hypersurface. 

Proposition 7.1. Let R be an abstract hypersurface and M an R-module. Let A be an 
abelian category. 

(1) Let T : modi? — > A be a covariant or contravariant homological 5-functor with 
Tj(i?) = for « > 0. If there exists an R-module M with pd R M = oo and Tj(M) = 
for i > ; then T^k) = for i > 0. 

(2) Let T : modi? — > A be a covariant or contravariant cohomological 5-functor with 
T l (R) = fori 3> 0. If there exists an R-module M withpd R M = oo andT l (M) = 
for i > 0, then T\k) = for i > 0. 
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Proof. (1) First of all, note that each Tj preserves direct sums (cf. [32j Proposition II.9.5]). 
We claim that for any i?-module N and any integers n > and i >0 we have 



Indeed, suppose T is covariant. There is an exact sequence — > QN — > F — > N — > with 
F free, and from this we get an exact sequence T i+ i(F) —> T i+ i(N) — > Ti(£lN) —> Ti(F) 
for z > 0. Since T;(i?) = for z > 0, we have T^F) = for z > 0. Therefore T m (A) ^ 
Ti(QN) for z ^> 0. An inductive argument yields an isomorphism Ti +n (N) = Ti(Q n N) for 
n > and z 0. The claim in the case where T is contravariant is similarly proved. 

Consider the subcategory X of CM(i?) consisting of all Cohen-Macaulay R- modules X 
with Ti(X) = for z 3> 0. Then it is easily observed that is a thick subcategory of 
CM(i?) containing R. Since Tj(fi d M) is isomorphic to T i+ d(M) (respectively, T;_d(M)) 
for z ^> if T is covariant (respectively, contravariant), the nonfree Cohen-Macaulay 
i?-module Q d M belongs to X. Hence the maximal ideal m belongs to V(Q d M), which 
is contained in V(X), and we have V(Q d k) C {m} C V(X). Therefore Q d k belongs to 
Vq1 1 {V(X)), which coincides with X by Theorem 16.81 Thus we obtain Ti(Q d k) = for 
z ^> 0. Since Ti(Q d k) is isomorphic to T i+d {k) (respectively, Ti_ d {k)) for % 3> if T is 
covariant (respectively, contravariant), we have T^(/c) = for i ^> 0, as desired. 

(2) An analogous argument to the proof of (1) shows this assertion. □ 

As a corollary of Proposition I7.1[ we obtain a vanishing result of Tor and Ext modules. 

Corollary 7.2. Let R be an abstract hyper surface. Let M and N be R-modules. 

(1) One has Torf(M, N) = for i>0 if and only if either pd R M < oo or pd R < oo. 

(2) One has Ext^.(M, N) = for i>0 i/ and only if either pd R M < oo or idn N < oo. 

Proof. The 'if parts are trivial. In the following, we consider the 'only if parts. 

(1) Assume that M has infinite projective dimension. The functors Torf (— , N) : 
modi? — > modi? form a covariant homological 5-functor and Torf(i2, N) = for z > 0. 
Hence Proposition 17.1( 1) implies that Torf (k, N) = for i ^> 0, which means that N has 
finite projective dimension. 

(2) Assume that M has infinite projective dimension. The functors Ext^.(— , N) : 
modi? — > modi? form a contravariant cohomological 5-functor and Ext l R (R,N) = 
for i > 0. Hence Proposition 17.1( 2) implies that Ext R (k,N) = for j > 0, which means 
that N has finite injective dimension. □ 

The first assertion of Corollary 17.21 gives another proof of a theorem of Huneke and 
Wiegand [371 Theorem 1.9]. 

Corollary 7.3 (Huneke- Wiegand) . Let R be an abstract hypersurface. Let M and N be 
R-modules. i/Torf (M, N) = Torf^M, N) = for some i > 0, then either M or N has 
finite projective dimension. 

Proof. Similarly to the beginning part of the proof of j37j Theorem 1.9], we have 
Torj^M, N) = for all j > i. Now apply Corollary 17.2( 1) to get the conclusion. □ 




Ti +n (N) if T is covariant, 
Ti_ n (N) if T is contravariant. 
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Remark 7.4. Several generalizations of Corollaries 17.2( 1). 17.31 to complete intersections 
have been obtained by Jorgensen [lOj E], Miller [46] and Avramov and Buchweitz [5]. 

The assertions of Corollary 17.21 do not necessarily hold if the ring R is not an abstract 
hyper surf ace. 

Example 7.5. Let k be a field. Consider the artinian complete intersection local 
ring R = k[[x, y]]/(x 2 , y 2 ). Then we can easily verify Torf (R/(x), R/(y)) = and 
Ext l R (R/ (x), R/(y)) = for all i > 0. But both R/(x) and R/(y) have infinite projective 
dimension, and infinite injective dimension by [14, Exercise 3.1.25]. 

Let H be a property of local rings. Let H-dim^ be a numerical invariant for i?-modules 
satisfying the following conditions. 

(1) H-dmiRi? < oo. 

(2) Let M be an i?-module and N a direct summand of M. If H-dim^M < oo, then 
H-diniR N < oo. 

(3) Let 0— > L — > M — > N — > be an exact sequence of -R-modules. 

(i) If H-dim^L < oo and H-dinifjM < oo, then H-diniR iV < oo. 

(ii) If H-diniR L < oo and H-dim^ N < oo, then H-dim^ M < oo. 

(iii) If H-diniR M < oo and H-dim/j N < oo, then H-dim^ L < oo. 

(4) The following are equivalent: 

(i) R satisfies H; 

(ii) H-dini/j M < oo for any i?-module M; 

(iii) H-dim/j k < oo. 

The conditions (1) and (3) imply the following condition: 

(5) Let M be an i?-module. If pd^M < oo, then H-dim^M < oo. 

Indeed, let M be an i?-module with pd^M < oo. Then there is an exact sequence — > 
F n — > F n ^i —>•••—> Fi — > F — )■ M of i?-modules with each F« free. The conditions 
(1) and (3) (ii) imply that H-dinifjFj < oo for all < % < n. Decomposing the above 
exact sequences into short exact sequences and applying (3)(i), we have H-dim^M < oo. 

We call such a numerical invariant a homological dimension. A lot of homological 
dimensions are known. For example, projective dimension pd^, Gorenstein dimension 
G-diniR (cf. pfl [18]) and Cohen- Macaulay dimension CM-dim^ (cf. [28]) coincide with 
H-diniR where H is regular, Gorenstein and Cohen-Macaulay, respectively. Several other 
examples of a homological dimension can be found in [3J. 

A lot of studies of homological dimensions have been done so far. For each homological 
dimension H-dim^, investigating i?-modules M with H-dini/j M < oo but pd^ M = oo 
is one of the most important problems in the studies of homological dimensions. In 
this sense, the following proposition says that an abstract hypersurface does not admit a 
proper homological dimension. 

Proposition 7.6. With the above notation, let R be an abstract hypersurface not satis- 
fying H. Let M be an R-module. Then H-dim^M < oo if and only if pd R M < oo. 
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Proof. The condition (5) says that pd R M < oo implies H-dim^M < oo. Conversely, 
assume H-dim^M < oo. Let X be the subcategory of CM(R) consisting of all Cohen- 
Macaulay i?-modules X satisfying H-dim^X < oo. It follows from the conditions (1), 
(2) and (3) that X is a thick subcategory of CM(R) containing R. Theorem 16.81 yields 
X = VcmCK*)). Suppose that pd R M = oo. Then Q d M is a nonfree Cohen-Macaulay 
.R-module. We have an exact sequence — > Vt d M — >■ F — >■ M — > of 

R- modules such that F t is free for < i < d — 1. Decomposing this into short exact 
sequences and using the conditions (1) and (3), we see that Q d M belongs to X. Hence 
the maximal ideal m of R is in V(X), and we obtain V(Q d k) C {m} C V(X). Therefore 
Q d k belongs to Vcu(V(X)) = X, namely H-dim R (n d k) < oo. There is an exact sequence 
-> Q d k G d _ 1 • • • — >• G x ->• G ->• ^ of i?- modules with each Gj free. 
Decomposing this into short exact sequences and using the conditions (1) and (3), we get 
H-dim/jfc < oo. Thus the condition (4) implies that R satisfies the property H, which 
contradicts our assumption. Consequently, we must have pd R M < oo. □ 

Next, we want to consider in the one-to-one correspondences obtained in Theorem 
16. 8[ what resolving subcategories of modi? and what thick subcategories of CM (R) the 
closed subsets of Speci? correspond to. In general, the structure of the subcategories 
corresponding to a closed subset is as follows. 

Remark 7.7. Let W be a closed subset of Speci? contained in Singi?, and let J be a 
defining ideal of W. Then the subcategory V~ l {W) of modi? consists of all i?-modules 
X such that Xf is a projective i?/-module for all / G i. If i is generated by fx, . . . , f n , 
then V~ 1 (W / ) consists of all i?-modules X such that each Xf. is a projective i?/ r module. 
When R is Cohen-Macaulay, restricting to CM(i?), we see that V^iW) is the subcategory 
of CM(i?) consisting of all Cohen-Macaulay i?-modules X such that Xf is a projective 
-Ry-module for all / G i, equivalently, such that each Xf. is a projective .R^-module. 

As the following proposition says, the subcategories of CM(i?) and CM(i?) correspond- 
ing to a closed subset of Speci? are relatively "small." 

Proposition 7.8. Let R be an abstract hypersurface. Then one has the following one-to- 
one correspondences: 

J thick subcategories of CM(i?) 1 c J thick subcategories^ 

[ generated by one object J 1 of CM(i?) J 



Supp 



Supp" 1 



Supp 



Supp" 1 



closed subsets of Spec R 
contained in Singi? 



{resolving subcategories of modi? 1 
generated by one object in CM(i?)J 

Proof. We establish a couple of claims. 



c (specialization-closed subsets of Speci? 
[ contained in Sing i? 



resolving subcategories of modi? 
contained in CM(i?) 



Claim 1. Let X be a resolving subcategory of mod i? contained in CM(i?). Then the 
following are equivalent: 
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(1) X = resM for some M £ CM(R); 

(2) V(X) is a closed subset of Spec R. 

Proof of Claim. (1) =s> (2): We have V(X) = V(M) by Proposition 0^3), which is a 
closed subset of Speci? by Proposition 11.14( 2). 

(2) =>- (1): Taking the irreducible decomposition of the closed subset V(X), we have 
V(X) = V(pi) U • • • U V(p n ), where pi, . . . , p n are prime ideals of R. Then each pi is in 
V(X), and there is a Cohen- Macaulay -R-module Mj £ X such that pi is in V(Mj). Set 
M = M x © • • • © M n . Then M belongs to Af. Let p be a prime ideal in V{X). Then p 
contains some p;, and we have pi £ V(M;) C V(M). Since V(M) is (specialization-)closed, 
p is also in V(M). It follows that V(^) coincides with V(M), which is equal to V(resM) 
by Proposition II .14( 3). Theorem 16.81 shows that X coincides with resM. □ 

Claim 2. Let y be a nonempty thick subcategory of CM (R). The following are equivalent: 

(1) y is generated by one object (as a thick subcategory of CM (R)); 

(2) Supp y is a closed subset of Spec R. 

Proof of Claim. This follows from Propositions 16. 2\ 16.4( 3). Corollary 15.41 and Claim 1. □ 

Combining the above two claims and Theorem 16.81 we obtain the desired one-to-one 
correspondences. □ 
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